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The ohomology struture of string algebras
Juan Carlos Bustamante
Abstrat. We show that the graded ommutative ring struture of the Hohs-
hild ohomology HH∗(A) is trivial in ase A is a triangular quadrati string
algebra. Moreover, in ase A is gentle, the Lie algebra struture on HH∗(A) is
also trivial.
Introdution
Let k be a eld, and A be a nite dimensional k−algebra. In this situ-
ation, the Hohshild ohomology groups HHi(A,M) with oeients in some
A − A−bimodule M an be identied to the groups ExtiA−A(A,M). In ase
AMA =A AA, we simply write HH
i(A). The sum HH∗(A) =
∐
i≥0 HH
i(A) is
a graded ommutative ring for the Yoneda produt, whih oinides with a up-
produt ∪. Beside this, there is another produt, namely the braket produt [−,−]
whih makes of HH∗(A) a graded Lie algebra. Moreover, these two strutures are
related so that HH∗(A) is in fat a Gerstenhaber algebra [8℄.
In general, very little information is known about these strutures. As Green
and Solberg point out in [10℄, "the ring struture of HH∗(A) has often been observed
to be trivial". Although "one knows that for many self injetive rings there are non
zero produts in HH∗(A)", there are rather few known examples of algebras having
nite global dimension suh that the ring struture of HH∗(A) is not trivial. This
leads us to state the following:
Conjeture. Let A = kQ/I be a monomial triangular algebra. Then the ring
struture of HH∗(A) is trivial.
In ase A = kQ/I is a monomial algebra, one has a preise desription of a
minimal resolution of AAA. The A − A−projetive bimodules appearing in this
resolution are desribed in terms of paths of Q (see [3℄). In the general ase, this
desription leads to hard ombinatorial omputations. However, in ase A is a
monomial quadrati algebra, the minimal resolution is partiularly easy to handle.
Among monomial algebras, the lass of string algebras, whih are always tame, is
partiularly well understood, at least from the representation theoreti point of view
[5℄. We study the ohomology struture of triangular quadrati string algebras.
After realling some notions onerning the produts in HH∗(A) in setion 1, we
establish some tehnial previous results in setion 2. Finally, setion 3 is devoted
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algebras.
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to estate and show the main result of this work, whih proves the onjeture below
in the partiular ase of triangular quadrati string algebras.
Theorem 3.1. Let A = kQ/I be a triangular quadrati string algebra, n > 0
and m > 0. Then HHn(A) ∪ HHm(A) = 0.
In addition, we obtain a similar result onerning the Lie algebra struture for
a partiular ase of string algebras, the so-alled gentle algebras.
Theorem 3.2. Let A = kQ/I be a triangular gentle algebra, n > 1 and m > 1.
Then [HHn(A), HHm(A)] = 0.
1. Preliminaries
1.1. Algebras. Let Q = (Q0, Q1, s, t) be a nite quiver (see [4℄), and k be a
ommutative eld. We onsider algebras of the form kQ/I, where I an admissible
ideal of the path algebra kQ. This inludes, for instane, all basi onneted and
nite dimensional algebras over algebraially losed elds (see [4℄).
While we briey reall some partiular onepts onerning bound quivers and
algebras, we refer the reader to [4℄, for instane, for unexplained notions. The
omposition of two arrows α1 : s(α1) //t(α1) , and α2 : s(α2) //t(α2) suh that
s(α2) = t(α1) is the path α1α2, and will be denoted by α1α2 : s(α1) ///o/o/o/o t(α2) .
If Q has no oriented yles, then A is said to be a triangular algebra. A two sided
ideal I E kQ generated by paths of Q is said to be monomial. Moreover if the
generators of an admissible ideal I are linear ombinations paths of length 2, then
I is said to be quadrati. An algebra A = kQ/I is said to be monomial, or quadrati,
depending on whether I is monomial or quadrati. In the remaining part of this
paper, all algebras are triangular, quadrati and monomial.
Among monomial algebras, the so-alled string algebras [5℄ are partiularly well
understood, at least from the representation theoreti point of view. Reall from
[5℄ that an algebra A = kQ/I is said to be a string algebra if (Q, I) satises the
following onditions :
(S1) I is a monomial ideal,
(S2) Eah vertex of Q is the soure and the target of at most two arrows, and
(S3) For an arrow α in Q there exists at most one arrow β and at most one
arrow γ suh that αβ 6∈ I and γα 6∈ I.
A string algebra A = kQ/I is alled a gentle algebra [2℄ if in addition (Q, I)
satises :
(G1) For an arrow α in Q there exists at most one arrow β and at most one
arrow γ suh that αβ ∈ I and γα ∈ I,
(G2) I is quadrati.
1.2. Hohshild ohomology. Given an algebra A over a eld k, the Hohs-
hild ohomology groups of A with oeients in some A−A−bimoduleM , denoted
by HHi(A,M), are the groups ExtiAe(A,M) where A
e = A⊗kA
op
is the enveloping
algebra of A. In ase M is the A − A−bimodule AAA, we simply denote them
by HHi(A). We refer the reader to [11℄, for instane, for general results about
Hohshild (o)-homology of algebras.
The lower ohomology groups, that is those for 0 ≤ i ≤ 2, have lear interpre-
tations and give information about, for instane, the simple-onnetedness or the
rigidity properties of A (see [1, 9℄, for instane).
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Beside this, the sum HH∗(A) =
∐
i≥0 HH
i(A) has an additional struture given
by two produts, namely the up-produt ∪, and the braket [−,−], whih are
dened in [8℄ at the ohain level. The denitions are given in 1.5.
1.3. Resolutions. From [6℄, we have a onvenient projetive resolution of A
over Ae whih is smaller that the standard Bar resolution. Let E be the (semi-
simple) subalgebra of A generated by Q0. In the remaining part of this note, tensor
produts will be taken over E, unless it is expliitly otherwise stated. Note that,
as E − E−bimodules, we have A ≃ E ⊕ radA. Let radA⊗n denote the nth tensor
power of radA with itself. With these notations, one has a projetive resolution of
A as A−A−bimodule, whih we denote by K•rad(A)
. . . // A⊗ radA⊗n ⊗A
bn−1 // A⊗ radA⊗n−1 ⊗A
bn−2// . . .
// A⊗ radA⊗A
b0 // A⊗A
ǫ // A // 0
where ǫ is the multipliation of A, and
bn−1(1⊗ r1 ⊗ · · · ⊗ rn ⊗ 1) = r1 ⊗ r2 ⊗ · · · ⊗ rn ⊗ 1
+
n−1∑
j=1
(−1)j1⊗ r1 ⊗ · · · ⊗ rjrj+1 ⊗ · · · ⊗ rn ⊗ 1
+ (−1)n1⊗ r1 ⊗ · · · ⊗ rn.
Remark. Note that sine the ideal I is assumed to be monomial, radA is
generated, as E − E−bimodule, by lasses p = p + I of paths of Q. Moreover,
sine the tensor produts are taken over E, then A⊗ radA⊗n ⊗A is generated, as
A−A−bimodule, by elements of the form 1⊗ p1 ⊗ · · · ⊗ pn ⊗ 1 where pi are paths
of Q suh that the ending point of pi is the starting point of pi+1, for eah i suh
that 1 ≤ i < n.
Keeping in mind that I is quadrati, the minimal resolution of Bardzell [3℄
has the following desription: Let Γ0 = Q0, Γ1 = Q1, and for n ≥ 2 let Γn =
{α1α2 · · ·αn| αiαi+1 ∈ I, for 1 ≤ i < n}. For n ≥ 0, we let kΓn be the E −
E−bimodule generated by Γn. With these notations, we have a minimal projetive
resolution of A as A−A−module, whih we denote by K•min(A):
. . . // A⊗ kΓn ⊗A
δn−1 // A⊗ kΓn−1 ⊗A
δn−2 // . . .
// A⊗ kΓ1 ⊗A
δ0 // A⊗ kΓ0 ⊗A
ǫ // A // 0
where, again, ǫ is the omposition of the isomorphism A ⊗ kΓ0 ⊗A ≃ A⊗ A with
the multipliation of A, and, given 1⊗ α1 · · ·αn ⊗ 1 ∈ A⊗ kΓn ⊗A we have
δn−1(1⊗ α1 · · ·αn ⊗ 1) = α1 ⊗ α2 · · ·αn ⊗ 1 + (−1)
n1⊗ α1 · · ·αn−1 ⊗ αn.
In order to ompute the Hohshild ohomology groups of A, we apply the fun-
tor HomAe(−, A) to the resolutions K
•
min(A) and K
•
rad(A). To avoid umbersome
notations we will write Cnrad(A,A) instead of HomAe(A⊗ radA
⊗n ⊗A,A) whih in
addition we identify to HomEe(radA
⊗n, A). In a similar way we dene Cnmin(A,A),
and, moreover, the obtained dierentials will be denoted by b•, and δ•.
The produts in the ohomologyHH∗(A) are indued by produts dened using
the Bar resolution of A (see [8℄). Keeping in mind that our algebras are assumed
to be triangular (so that the elements of Cnmin(A,A) take values in radA), these
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produts are easily arried to K•rad(A) (see setion 1.5). However, the spaes in-
volved in that resolution are still "too big" to work with. We wish to arry these
produts from K•rad(A) to K
•
min(A). In order to do so, we need expliit mor-
phisms µ• : K
•
min(A)
//K•rad(A) , and ω• : K
•
rad(A)
//K•min(A) (ompare with
[12℄ p.736).
Dene a morphism of A−A−bimodules µn : A⊗ kΓn ⊗A //A⊗ radA⊗n ⊗A
by the rule µn(1⊗α1 · · ·αn⊗1) = 1⊗α1⊗· · ·⊗αn⊗1.A straightforward omputation
shows that µ• = (µn)n≥0 is a morphism of omplexes, and that eah µn splits.
On the other hand, an element 1 ⊗ p1 ⊗ · · · ⊗ pn ⊗ 1 of A ⊗ radA
⊗n ⊗ A, an
always be written as 1⊗p′1α1⊗p2⊗· · ·⊗αnp
′
n⊗1 with α1, αn arrows in Q. Dene
a map ωn : A⊗ radA
⊗n ⊗A //A⊗ kΓn ⊗A by the rule
ωn(1⊗p
′
1α1⊗· · ·⊗αnp
′
n⊗1) =
{
p′1 ⊗ α1p2 · · · pn−1αn ⊗ p
′
n if α1p2 · · · pn−1αn ∈ Γn
0 otherwise.
Again, ω• = (ωn)n≥0 denes a morphism of omplexes, whih is an inverse for µ•.
Summarizing what preedes, we obtain the following lemma.
1.4. Lemma. With the above notations,
a) µ• : K
•
min(A)
//K•rad(A) , and ω• : K
•
rad(A)
//K•min(A) are morphisms
of omplexes, and
b) ω•µ• = id, so the morphisms are quasi-isomorphisms.

1.5. Produts in ohomology. Following [8℄, given f ∈ Cnrad(A,A), g ∈
Cmrad(A,A), and i ∈ {1, . . . , n}, dene the element f ◦i g ∈ C
n+m−1
rad (A,A) by the
rule
f◦ig(r1⊗· · ·⊗rn+m−1) = f(r1⊗· · ·⊗ri−1⊗g(ri⊗· · ·⊗ri+m−1)⊗ri+m⊗· · ·⊗rn+m−1).
The omposition produt f ◦ g is then dened as
∑n
i=1(−1)
(i−1)(m−1)f ◦i g. Let
f ◦ g = 0 in ase n = 0, and dene the braket
[f, g] = f ◦ g − (−1)(n−1)(m−1)g ◦ f.
On the other hand, the up-produt f ∪ g ∈ Cn+mrad (A,A) is dened by the rule
(f ∪ g)(r1 ⊗ · · · ⊗ rn+m) = f(r1 ⊗ · · · ⊗ rn)g(rn+1 ⊗ · · · ⊗ rn+m)
Reall that a Gerstenhaber algebra is a graded k−vetor spae A endowed
with a produt whih makes A into a graded ommutative algebra, and a braket
[−,−] of degree −1 that makes A into a graded Lie algebra, and suh that [x, yz] =
[x, y]z + (−1)(|x|−1)|y|y[x, z], that is, a graded analogous of a Poisson algebra.
The up produt ∪ and the braket [−,−] dene produts (still denoted ∪
and [−,−]) in the Hohshild ohomology
∐
i≥0 HH
i(A), whih beomes then a
Gerstenhaber algebra (see [8℄).
Using µ• and ω• we an dene analogous produts in C
•
min(A,A). We study
these produts later.
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2. Preparatory lemmata
Reall that all our algebras are assumed to be triangular, monomial and qua-
drati. The spaes Cnmin(A,A) = HomEe(kΓn, A) have natural bases B
n
that
we identify to the sets {(α1 · · ·αn, p)| α1 · · ·αn ∈ Γn, p is a path with s(p) =
s(α1), t(p) = t(αn), p 6∈ I}. More preisely the map of E − E−bimodules
f : kΓn //A orresponding to (α1 · · ·αn, p) is dened by
f(γ1 · · · γn) =
{
p if γ1 · · · γn = α1 · · ·αn,
0 otherwise.
We distinguish three dierent kinds of basis elements in Cnmin(A,A), whih yield
three subspaes Cn−, C
n
+, and C
n
0 of C
n
min(A,A):
(1) Cn− is generated by elements of the form (α1 · · ·αn, α1p),
(2) Cn0 is generated by elements of the form (α1 · · ·αn, w) suh that w 6∈<
α1 >, w 6∈< αn >, and
(3) Cn− is generated by elements of the form (α1 · · ·αn, qαn) suh that q 6∈<
α1 >.
Clearly, as vetor spaes we have Cnmin(A,A) = C
n
− ∐ C
n
0 ∐ C
n
+. Moreover, let
B−, B0, and B+ be the natural bases of C
n
−, C
n
+, and C
n
0 .
Consider an element f = (α1 · · ·αn, α1p), ∈ B
n
−. First of all, sine α1α2 ∈ I,
then p 6∈< α2 >, and, sine A assumed to be triangular, then p 6∈< α1 >. The
following gure illustrates this situation:
e0
α1 // e1
α2 //
@A BC
p
/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o
OO· · · en−1
αn // en
αn+1 // en+1
Now, dene f+ : kΓn //A in the following way:
f+(γ1 · · · γn) =
{
(−1)n+1pαn+1 if γ1 · · · γn = α2 · · ·αn+1 ∈ Γn,
0 otherwise.
Analogously, given g = (α1 · · ·αn, qαn) ∈ B
n
+, we dene g− : kΓn //A by
g−(γ1 · · · γn) =
{
α0q if γ1 · · · γn = α0 · · ·αn−1 ∈ Γn,
0 otherwise.
It is easily seen that f+ ∈ C
n
+, and g− ∈ C
n
−.
2.1. Lemma. Let A = kQ/I be a string triangular algebra, f ∈ Bn−, and
g ∈ Bn+.
a) f − f+ ∈ Imδ
n−1
, and
b) g − g− ∈ Imδ
n−1.
Proof : We only prove statement a). Let h = (α2 · · ·αn, p) ∈ C
n−1
min (A,A). We
show that f+ = f − δ
n−1h, indeed:
δn−1h(α1 · · ·αn) = α1h(α2 · · ·αn) + (−1)
nh(α1 · · ·αn−1)αn
= α1p
= f(α1 · · ·αn)
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thus (f − δn−1h)(α1 · · ·αn) = 0 = f+(α1 · · ·αn).
Now let p = βp′ with β an arrow. Sine α1p /∈ I, then α1β 6∈ I. But A is
a string algebra, thus ondition (S3) ensures that for every arrow α′1 suh that
t(α1) = t(α
′
1) we have α
′
1β ∈ I, thus α
′
1p ∈ I.
x1
α1 // x2
α2 //
β
DD
DD
""D
DD
D
x3 // · · · // xn−1
αn−1 // xn
x′1
α′1zzz
<<zzz
y /o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o/o
p′
OO
O
O
O
Assume α′1 is suh that α
′
1α2 · · ·αn ∈ Γn. In partiular α
′
1α2 ∈ I, so that
δn−1h(α′1α2 · · ·αn) = α
′
1h(α2 · · ·αn) + (−1)
nh(α′1 · · ·αn−1)αn
= α′1p
= 0
thus, again, (f − δn−1h)(α′1 · · ·αn) = 0 = f+(α
′
1 · · ·αn).
On the other hand, assume there exists an arrow αn+1 suh that α2 · · ·αn+1 ∈
Γn. Then we have
δn−1h(α2 · · ·αn+1) = α2h(α3 · · ·αn+1) + (−1)
nh(α2 · · ·αn)
= (−1)nh(α2 · · ·αn)αn+1
= (−1)npαn+1
and hene
(f − δn−1h)(α2 · · ·αn+1) = 0− (−1)
npαn+1
= f+(α2 · · ·αn+1).
Finally, note that f, f+, and h vanish on any other element γ1 · · · γn of Γn.

Aording to the deomposition Cnmin(A,A) = B
n
−
∐
Bn0
∐
Bn+, given an element
φ ∈ Cnmin(A,A) one an write φ = f + h+ g, where f ∈ B
n
−, h ∈ B
n
0 , and g ∈ B
n
+.
Dene then
φ≤ = f+ + h+ g and φ≥ = f + h+ g−.
Remark. It follows from the preeding lemma that φ−φ≤, and φ−φ≥ belong
to Imδn−1. This will be useful later.
2.2. Lemma. Let A be a string triangular algebra, φ ∈ Cnmin(A,A), and
α1 · · ·αn ∈ Γn. Then
a) φ≤(α1 · · ·αn) = (W +Qαn)+ I where W is a linear ombination of paths
none of whih belongs to < α1 > nor to < αn >, and Q is a linear
ombination of paths none of whih belongs to < α1 >, and
b) φ≥(α1 · · ·αn) = (α1P + W
′) + I, where W ′ is a linear ombination of
paths none of whih belongs to < α1 > nor to < αn >, and P is a linear
ombination of paths none of whih belongs to < αn >.
Proof : By onstrution we have φ≤ ∈ B
n
0
∐
Bn+, and φ≥ ∈ B
n
−
∐
Bn0 .

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2.3. Lemma. Let φ ∈ Kerδn, and α1 · · ·αn ∈ Γn suh that φ(α1 · · ·αn) 6= 0.
a) If there exists αn+1 suh that α1 · · ·αn+1 ∈ Γn+1 then φ≤(α1 · · ·αn)αn+1 =
0,
b) If there exists α0 suh that α0 · · ·αn ∈ Γn+1 then α0φ≥(α1 · · ·αn) = 0
Proof : We only prove a). Let φ ∈ Kerδn. Then, sine φ−φ≤ ∈ Imδ
n−1
, we have
φ≤ ∈ Kerδ
n
, thus
0 = δnφ≤(α1 · · ·αnαn+1)
= α1φ≤(α2 · · ·αn+1) + (−1)
n+1φ≤(α1 · · ·αn)αn+1.
The statement follows from the fat that paths are linearly independent, and from
the preeding lemma.

3. The ohomology struture
The morphisms µ• : K
•
min(A)
//K•rad(A) , and ω• : K
•
rad(A)
//K•min(A) al-
low us to arry the produts dened in C•rad(A,A) to C
•
min(A,A). In this way we
obtain a up produt and a braket, whih we still denote ∪ and [−,−]. More
preisely, applying the funtor HomAe(−, A) and making the identiations of se-
tion 1.5, we obtain morphisms of omplexes µ• : C•min(A,A)
//C•rad(A,A) , and
ω• : C•rad(A,A)
//C•min(A,A) . Given f ∈ C
n
min(A,A), g ∈ C
m
min(A,A), dene
f ∪ g ∈ Cn+mmin (A,A) as
f ∪ g = µn+m(ωnf ∪ ωmf).
Thus, given an element α1 · · ·αnβ1 · · ·βm ∈ Γn+m, we have
f ∪ g(α1 · · ·αnβ1 · · ·βm) = f(α1 · · ·αn)g(β1 · · ·βm).
As usual, we have δn+m(f ∪ g) = δnf ∪ g + (−1)mf ∪ δmg, so the produt ∪
dened in C•min(A,A) indues a produt at the ohomology level. In fat, the latter
oinides with the up-produt of setion 1.5 and the Yoneda produt. In what
follows, we work with the produt ∪ dened in C•min(A,A).
3.1. Theorem. Let A = kQ/I be a triangular quadrati string algebra, n > 0
and m > 0. Then HHn(A) ∪ HHm(A) = 0.
Proof : Let φ ∈ HHn(A), and ψ ∈ HHm(A). We will show that φ≤ ∪ ψ≥ = 0
in HHn+m(A). Assume the ontrary is true. In partiular there exist an element
α1 · · ·αnβ1 · · ·βm ∈ Γn+m suh that
φ≤(α1 · · ·αn)ψ≥(β1 · · ·βm) 6= 0.
With the notations of lemma 2.2, this is equivalent to
(1) (W +Qαn)(W
′ + β1P ) 6∈ I.
Now, sine αnβ1 ∈ I, lemma 2.3 gives
(W +Qαn)β1 ∈ I, and α1(W
′ + β1P ) ∈ I.
Thus, equation (1) givesWW ′ 6∈ I. Let w and w′ be paths appearing inW and
W ′ respetively, suh that ww′ 6∈ I. Moreover, write w = uγ, w′ = γ′u′ with γ, γ′
arrows of Q. Sine ww′ 6∈ I, we have that γγ′ 6∈ I. But then, sine (Q, I) satises
(S3), this implies αnγ
′ ∈ I, so that α1 · · ·αnγ
′ ∈ Γn+1 and, again, lemma 2.3 gives
(W +Qαn)γ
′ ∈ I so that Wγ′ ∈ I, and, in partiular wγ′ ∈ I, a ontradition. 
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Remark. At this point, it is important to note that even if lemmas 2.1, 2.2 and
2.3 were stated assuming that A = kQ/I is a string triangular algebra, the ondition
(S2) in the denition of string algebras has never been used. Thus, the preeding
theorem holds for every monomial quadrati, triangular algebra A = kQ/I suh
that (Q, I) veries (S3). This inludes, for instane, the gentle algebras.
We now turn our attention to the Lie algebra struture HH∗(A).
Given φ ∈ Cnmin(A,A), ψ ∈ C
m
min(A,A), and i ∈ {1, . . . , n} we dene φ ◦i ψ ∈
Cn+m−1min (A,A) as
φ ◦i ψ = µ
n+m−1 ((ωnφ) ◦i (ω
mψ))
and from this, the braket [−,−] is dened as in 1.5. In partiular, and this is the
ruial point for what follows, given α1 · · ·αn+m−1 ∈ Γn+m−1 we have
φ◦iψ(α1 · · ·αn+m−1) =


φ(α1 · · ·αi−1ψ(αi · · ·αi+m−1)αi+m · · ·αn+m−1) if
α1 · · ·αi−1ψ(αi · · ·αi+m−1)αi+m · · ·αn+m−1 ∈ Γn,
0 otherwise.
Again, one an verify that δn+m−1[f, g] = (−1)m−1[δnf, g] + [f, δmg], so that
[−,−] indues a braket, whih we still denote by [−,−] at the ohomology level.
This leads us to the following result
3.2. Theorem. Let A = kQ/I be a triangular gentle algebra. Then, for n > 1
and m > 1, we have [HHn(A),HHm(A)] = 0.
Proof : We show that, in fat, under the hypothesis, the produts ◦i are equal
to zero at the ohain level. This follows immediately from the disussion above.
Indeed, with that notations, if α1 · · ·αn+m−1 ∈ Γn+m−1 we have, in partiular that
αi−1αi ∈ I. But A being gentle, there is no other arrow β in Q with s(β) = t(αi−1)
suh that αi−1β ∈ I.

The following example shows that the previous result an not be extended to
string algebras whih are not gentle.
3.3. Example. Let A = kQ/I where Q is the quiver
3
α3
=
==
2
α2 @@
β
// 4
α4
=
==
1
α1 @@
γ
// 5
and I is the ideal generated by paths of length 2. This is a string algebra whih is
not gentle. From theorem 3.1 in [7℄ we get
dimkHH
i(A) =


1 if i ∈ {0, 2, 3, 4},
2 if i = 1,
0 otherwise.
Keeping in mind the identiations of setion 2, the generators of HHi(A) are
the elements orresponding to (β, β¯), and (γ, γ¯) for i = 1; (α2α3, β¯) for i = 2;
(α1βα4, γ¯), for i = 3; and (α1α2α3α4, γ¯) for i = 4. A straightforward omputation
shows that [HHn(A),HHm(A)] = HHn+m−1(A).
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The rst Hohshild ohomology group of an algebra A is by its own right a
Lie algebra. In ase the algebra A is monomial, this struture has been studied in
[12℄. The following result gives information about the role played by HH1(A) in
the whole Lie algebra HH∗(A) in our ontext.
3.4. Proposition. Let A = kQ/I be a triangular monomial and quadrati
algebra. Then [HHn(A),HH1(A)] = HHn(A), whenever n > 1.
Proof : In fat, for every f ∈ Cnmin(A,A) there exists g ∈ C
1
min(A,A) suh that
[f, g] = f , and g 6= 0 in HH1(A). Clearly it is enough to onsider an arbitrary basis
element f ∈ Cnmin(A,A). Let f be suh an element, orresponding to (α1 · · ·αn, p).
Dene g ∈ C1min(A,A) by
g(γ) =
{
α1 if γ = α1,
0 otherwise
It is straightforward to verify that f ◦ g = f ◦1 g, and, sine we assume A triangular
and n > 1, that g ◦ f = 0 so that [f, g] = f . Moreover, diret omputations show
that g¯ 6= 0 in HH1(A).

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